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Abstract This paper investigates the unsteady hydromagnetic Couette ﬂuid ﬂow through a porous
medium between two inﬁnite horizontal plates induced by the non-torsional oscillations of one
of the plates in a rotating system using boundary layer approximation. The ﬂuid is assumed to
be Newtonian and incompressible. Laplace transform technique is adopted to obtain a uniﬁed
solution of the velocity ﬁelds. Such a ﬂow model is of great interest, not only for its theoretical
signiﬁcance, but also for its wide applications to geophysics and engineering. Analytical expressions
for the steady state velocity and shear stress on the plates are obtained, and the case of single
oscillating plate is also discussed. The inﬂuence of pertinent parameters on the ﬂow is delineated,
and appropriate conclusions are drawn. c© 2011 The Chinese Society of Theoretical and Applied
Mechanics. [doi:10.1063/2.1104205]
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The ﬂow due to rotation has an immense impor-
tance in many practical and engineering ﬁelds such
as geophysics, meteorology, cosmical ﬂuid dynamics,
gaseous and nuclear reactors, petroleum engineering, in
estimating the ﬂight path of rotating wheels and spin-
stabilized missiles. In recent years the study of Couette
ﬂow through a porous medium in a rotating system at-
tracts much attention among researchers due to its ap-
plications in the aforesaid areas.
Greenspan1 carried out a pioneer work on the the-
ory of rotating ﬂuids, and Thronley2 gave theoretical
presentation of Stokes and Rayleigh layers in rotating
systems. A rich variety of important analytical, nu-
merical and experimental investigations concerning the
rotating system of ﬂuid are available in the literatures
based on the basic work of Greenspan,1 Batchelor3 and
Cowling,4 for example, Gupta,5 Pop and Soundalgekar,6
Puri,7 El-Kabeir et al.,8 and Gebhart et al.9 Vidyanidhi
and Nigam10 considered viscous ﬂow between rotat-
ing parallel plates under constant pressure gradient.
Jana and Dutta11 studied viscous incompressible Cou-
ette ﬂow between two inﬁnite parallel plates, one sta-
tionary and the other moving with uniform velocity, in
a rotating frame of reference. Patil and Vidyanathan12
analyzed the the heat transfer and ﬂuid ﬂow with vari-
able viscosity in a rotating porous medium. Singh et
al.13 studied the unsteady free convective ﬂow through
a porous medium when the temperature of the plate is
oscillating with time about a nonzero mean. Verma and
Sehgal14 obtained analytical solutions for the Couette
ﬂow of ﬂuids which can support couple stresses and dis-
tributed body couples using the micro polar ﬂow model.
The analysis of hydromagnetic channel ﬂow with
a)Corresponding author. Email: rajikepr@rediﬀmail.com.
Porous walls is presented by Agrawal.15 Based on
the fact that in geothermal regions gases are electri-
cally conducting and under the inﬂuence of a mag-
netic ﬁeld, Raptis16 explained the unsteady magneto-
hydrodynamic (MHD) free convective ﬂow of an elec-
trically conducting ﬂuid through a porous medium
bounded by an inﬁnite vertical and porous plate. The
unsteady hydromagnetic ﬂow problem in a rotating
channel with time-dependent pressure gradient was
studied by Seth and Jana17 and the case of ﬂow due
to time-dependent motion of one of the plates was dis-
cussed by Seth et al.18 Seth et al. discussed the tran-
sient MHD Couette ﬂow between parallel rotating plates
when one of the plates is set into motion with a time de-
pendent velocity in its own plane. They considered both
impulsive and accelerated start of the moving plate,
computed the shear stress at the moving plate due to
primary and secondary ﬂows for both these cases, and
also discussed the solutions obtained for small and for
large times. An increase in rotation parameter was
shown to elevate the secondary ﬂow shear stress com-
ponent but depress the value of the primary ﬂow com-
ponent. Frusteri and Osalusi19 analyzed the ﬂow of
an electrically conducting Newtonian ﬂuid with vari-
able properties over a rotating porous disk. In a pio-
neer work Mazumdar20 studied an oscillatory Couette
ﬂow in a rotating system, and then Ganapathy21 inves-
tigated in a note the oscillatory Couette ﬂow between
two inﬁnite parallel plates in a rotating system under
boundary layer approximations. Much recently, Das et
al.22 made an investigation of unsteady velocity ﬁeld of
Couette ﬂow in a rotating system between two inﬁnite
horizontal parallel plates, which was performed under
the assumptions of boundary layer approximation.
The objective of the present paper is to examine the
unsteady Couette ﬂow of a viscous incompressible New-
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tonian ﬂuid through saturated porous medium between
two inﬁnite horizontal parallel plates under the inﬂu-
ence of uniform transverse magnetic ﬁeld in a rotating
system using boundary layer approximation. The prob-
lem under consideration is a porous medium analogue in
the presence of a uniform magnetic ﬁeld of the problems
for pure viscous ﬂuids investigated comprehensively by
Mazumder,20 Ganapathy21 and Das et al.22
We consider a viscous incompressible Newtonian
ﬂuid occupying the space bounded by two inﬁnite long
horizontal parallel plates, distance d apart, saturated
porous medium under the inﬂuence of uniform trans-
verse magnetic ﬁeld when the ﬂuid and the plates are
initially in a state of rigid body rotation with a uni-
form angular velocity of Ω about the z-axis normal to
the plates. The ﬂuid and the plates are at rest at time
t ≤ 0, but for t > 0, the plates at z = d start to oscil-
late non-torsionally in its own plane. The ﬂuid velocity
components are (u, v, w) relative to a frame of reference
rotating with the liquid. The horizontal homogeneity of
the problem demands that all physical quantities (ex-
cept pressure) depend on z and t only. The unsteady
motion of a hydromagnetic Newtonian ﬂuid occupying
the porous space in a rotating system is governed by
the following equations
∇ · q = 0, (1)
∂q
∂t
+(q ·∇)q+2Ωk×q = −1
ρ
∇p+ν∇2q− ν
k
q+
1
ρ
J×B,
(2)
∇×B = μeJ , (3)
∇×E = −∂B
∂t
, (4)
∇ ·B = 0, (5)
J = σ(E + q ×B) . (6)
Here q is the velocity vector, B is the magnetic induc-
tion vector, J is the current density, E is the electric
ﬁeld relative to the rotating frame of reference, k is the
unit vector, ρ is the density, ν is the kinematic coeﬃ-
cient of viscosity, μe is the magnetic permeability and
σ is the electrical conductivity. In the present analysis,
we assume that no applied or polarization voltages ex-
ist, i.e. E = 0, which corresponds to the case where no
energy is being added or extracted from the ﬂuid via
electrical ﬁeld. The equation of continuity then implies
dw/dz = 0 and its solution is w = 0. The governing
momentum equations along the x, y and z directions
can be shown to be reduced from the above equations
in a rotating frame of reference to the following form
for the ﬂow regime
∂u
∂t
= −1
ρ
∂p∗
∂x
+ ν
∂2u
∂z2
+ 2Ωv − ν
k
u− σB
2
0u
ρ
, (7)
∂v
∂t
= −1
ρ
∂p∗
∂y
+ ν
∂2v
∂z2
− 2Ωu− ν
k
v − σB
2
0v
ρ
, (8)
0 = −1
ρ
∂p∗
∂z
. (9)
The initial and boundary conditions are as follows
u = v = 0 for t ≤ 0, 0 ≤ z ≤ d, (10)
and
u = v = 0 at z = 0, for t > 0,
u = U (t) , v = 0 at z = d for t > 0. (11)
Under the usual boundary layer approximations (7)
& (8) are reduced to
∂u
∂t
=
∂U
∂t
+ ν
∂2u
∂z2
+ 2Ωv − ν
k
u− σB
2
0u
ρ
, (12)
∂v
∂t
= ν
∂2v
∂z2
+ 2Ω(u− U)− ν
k
v − σB
2
0v
ρ
. (13)
In order to transform the above system of partial
diﬀerential equations into a non-dimensional form, we
will use the following transformations
η =
z
d
, u1 =
u
U0
, v1 =
v
U0
, U = U0F (τ),
τ =
νt
d2
, E−1 =
Ωd2
ν
,K =
k
d2
,M2 =
σB20d
2
ρν
,(14)
where U0 is a constant mean velocity in the x-direction,
M is the Hartmann number, E is the Ekman number
which is reciprocal to the rotation parameter and K is
the Darcy number.
With the help of Eq. (14), Eqs. (12) & (13) are
reduced to
∂u1
∂τ
=
∂F
∂τ
+
∂2u1
∂η2
+ 2E−1v1 − u1
K
−M2u1, (15)
∂v1
∂τ
=
∂2v1
∂η2
− 2E−1(u1 − F )− v1
K
−M2v1. (16)
Equations (15) and (16) can be rewritten as
∂q
∂t
=
∂F
∂τ
+
∂2q
∂η2
− 2iE−1(q−F )− q
K
−M2q , (17)
where
q = u1 + iv1. (18)
The corresponding initial and boundary conditions
(10) & (11) now become
q = 0 for τ ≤ 0, and 0 ≤ η ≤ 1, (19)
and
q = 0 at η = 0,
q = F (τ) at η = 1 for τ > 0. (20)
The non-dimensional oscillatory velocity F (τ) of the
plate is assumed of the form (non-torsional oscillations)
F (τ) = 1 +
[
aeiωτ + be−iωτ
]
, (21)
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where ω = σd2/v, σ is the frequency of oscillation and
a and b are complex constants.
Taking Laplace transform of Eq. (17) and using ini-
tial condition (19), we get
∂2q∗
∂η2
− (s+ 2iE−1 +K−1 +M2) q∗
= −(s+ 2iE−1)F ∗, (22)
where
q∗(η, s) =
∫ ∞
0
q(η, s)e−stdτ ,
F ∗(s) =
∫ ∞
0
F (τ)e−sτdτ. (23)
By referring to Eqs. (21) & (23), the boundary con-
ditions (20) become
q∗ = 0 at η = 0,
q∗ = F ∗(s) at η = 1, (24)
where
F ∗(s) =
1
s
+
a
s− iω +
b
s+ iω
. (25)
The solution of Eq. (22) under the given boundary
conditions (24) is
q∗ (η, s) =
(
1
s
+
a
s− iω +
b
s+ iω
)[
sinh
(
s+ 2iE−1 +K−1 +M2
)1/2
η
K (s+ 2iE−1 +K−1 +M2) sinh (s+ 2iE−1 +K−1 +M2)1/2
+
s+ 2iE−1
s+ 2iE−1 +K−1 +M2
− (s+ 2iE
−1) sinh
(
s+ 2iE−1 +K−1 +M2
)1/2
(1− η)
(s+ 2iE−1 +K−1 +M2) sinh (s+ 2iE−1 +K−1 +M2)1/2
]
. (26)
The inverse Laplace transform of the Eq. (26) yields
q(η, τ) =
1
K
(
sinh r1η
r21 sinh r1
+
aeiωτ sinh r2η
r22 sinh r2
+
be−iωτ sinh r3η
r23 sinh r3
)
+
r21 −K−1 −M2
r21
[
1− sinh r1(1− η)
sinh r1
]
+
aeiωτ
(
r22 −K−1 −M2
)
r22
[
1− sinh r2(1− η)
sinh r2
]
+
be−iωτ
(
r23 −K−1 −M2
)
r23
[
1− sinh r3(1− η)
sinh r3
]
−
2
π
∞∑
n=1
(
1
s1
+
a
s1 − iω +
b
s1 + iω
)
· e
s1τ sinnπη
n
·
{
n2π2 +M2 +K−1
[
1− 1
(−1)n
]}
, (27)
where
r1 =
(
2iE−1 +K−1 +M2
)1/2
, r2,3 =
[
2i
(
E−1 ± ω
2
)
+K−1 +M2
]1/2
,
s1 = −
(
n2π2 + 2iE−1 +K−1 +M2
)
, or s1 = −(n2π2 + r21). (28)
Above equations (27) and (28) describe the ﬂuid ve-
locity in the general case. When the Hartman number,
M → 0 and the porosity parameter, K, tends to inﬁnity,
these results are in well agreement with the correspond-
ing ones of Das et al.22 Many particular results can be
eﬀortlessly obtained from the above solutions which will
be discussed in the next section.
It can be easily seen from Eq. (27) that for t → ∞
the transient eﬀects die out and the ultimate steady
state is reached. The ﬂuid velocity takes the form of
q(η, τ) =
K−1
(
sinh r1η
r21 sinh r1
+
aeiωτ sinh r2η
r22 sinh r2
+
be−iωτ sinh r3η
r23 sinh r3
)
+
r21 −K−1 −M2
r21
[
1− sinh r1(1− η)
sinh r1
]
+
aeiωτ
(
r22 −K−1 −M2
)
r22
[
1− sinh r2(1− η)
sinh r2
]
+
be−iωτ
(
r23 −K−1 −M2
)
r23
[
1− sinh r3(1− η)
sinh r3
]
,
(29)
where r1 = (2iE
−1 + 1/K + M2)1/2, r2,3 = [2i(E−1
±ω/2) + 1/K +M2]1/2.
When M → 0 and K → ∞, the solutions obtained
above coincide with the corresponding result of Das et
al.22 When a = b = ε/2, the solutions reduce to the case
considered by Ganapathy21 and for ε = 0, the steady
state velocity distribution is reduced to the result of
Jana and Dutta.11
For single oscillating plate, we take the limit d → ∞,
then by using Eqs. (14) and (18) in steady state solution
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(29), we get
q(η, τ) =
2iΩ/ν
2iΩ/ν + 1/K +M2
·[
1− e−(2iΩ/ν+1/K+M2)1/2z
]
+
aeiστ
i/ν (2Ω + σ)
i/ν (2Ω + σ) + 1/K +M2
·{
1− e−[i/ν(2Ω+σ)+1/K+M2]1/2z
}
+
be−iστ
i/ν (2Ω− σ)
i/ν (2Ω− σ) + 1/K +M2 ·{
1− e−[i/ν(2Ω−σ)+1/K+M2]1/2z
}
. (30)
If a = b = ε/2, then separating Eq. (30) into real
and imaginary parts, we have
u (z, t) = U0
{
R1
[
cos θ1 − el1z cos (m1z − θ1)
]
+
ε
2
R2
[− el2z cos (m2z − σt− θ2) +
cos (σt+ θ2)
]
+
ε
2
R3
[− el3z cos (m3z + σt− θ3) +
cos (θ3 − σt)
]}
, (31)
v (z, t) = U0
{
R1
[
sin θ1 + e
l1z sin (m1z − θ1)
]
+
ε
2
R2
[
el2z sin (m2z − σt− θ2) +
sin (σt+ θ2)
]
+
ε
2
R3
[
el3z sin (m3z + σt− θ3) +
sin (θ3 − σt)
]}
, (32)
where
l1,2,3 = −
[
σ1,2,3 + ν
(
K−1 +M2
)
2ν
]1/2
,
m1,2,3 =
[
σ1,2,3 − ν
(
K−1 +M2
)
2ν
]1/2
,
R21 =
4Ω2[
4Ω2 + ν2 (K−1 +M2)2
] ,
R22,3 =
(2Ω± σ)2[
(2Ω± σ)2 + ν2 (K−1 +M2)2
] ,
θ1 = tan
−1
[
ν
(
K−1 +M2
)
2Ω
]
,
θ2,3 = tan
−1
[
ν
(
K−1 +M2
)
2Ω± σ
]
,
σ1 =
[
4Ω2 + ν2
(
K−1 +M2
)]1/2
,
σ2,3 =
[
(2Ω± σ)2 + ν2 (K−1 +M2)]1/2 .
Equations (31) and (32) show that the ﬂuid
velocities correspond to the single plate problem
where both the plate and the ﬂuid rotate in uni-
son with constant angular velocity Ω and the dis-
tance between them becomes very large. Here
the steady part of the velocity proﬁle oscillates
with velocity U0R1
[
cos θ1 − el1z cos (m1z − θ1)
]
, where
U0R1 & U0R1e
l1z are amplitudes and m1z is the phase
angle in the latter part. The unsteady part consists
of two velocity proﬁles in which one part oscillates
with amplitude (ε/2)U0R2e
l2z and the other one with
(ε/2)U0R3e
l3z, where R2, R3, l2 & l3 are given above.
The layers corresponding to the former part oscillate
with phase lag of m2z and the latter part with phase
advance of m3z.
When the magnetic parameter M tends to zero and
the porosity parameterK tends to inﬁnity, we have a ve-
locity proﬁle already discussed by Das et al.22 Further-
more, when σ = 2Ω we get the same result as described
by Thronley2 in his study of non-torsional oscillations
of an inﬁnite plate rotating in accordance with a viscous
ﬂuid, and if ε = 0 then the results coincide with that
obtained by Batchelor.4
The non dimensional shear stress at plate η = 0 can
be obtained as
τx + τy
=
[
∂q
∂η
]
η=0
= K−1
(
1
r1 sinh r1
+
aeiωτ
r2 sinh r2
+
be−iωτ
r3 sinh r3
)
+
(
r21 −K−1 −M2
) · cosh r1
r1 sinh r1
+
aeiωτ
(
r22 −K−1 −M2
) cosh r2
r2 sinh r2
+
be−iωτ
(
r23 −K−1 −M2
) cosh r3
r3 sinh r3
−
2
∞∑
n=1
)
1
s1
+
a
s1 − iω +
b
s1 + iω
)
es1τ ·
{
n2π2 +M2 +K−1
{
1− 1
(−1)n
}}
. (33)
where s1 = −(n2π2 + 2iE−1 + 1/K +M2).
Similarly one can obtain the shear stress at the os-
cillating plate η = 1.
The results are illustrated graphically for various
values of pertinent parameters appearing in the prob-
lem, and will be discussed comprehensively. The inﬂu-
ence of signiﬁcant parameters on the primary velocity
u1 is depicted in Figs. 1–3. It is observed that the pri-
mary velocity increases with the increase of parameter
E−1. The primary velocity shows an increment with
the increase in Darcy number for K = 0.001, 0.01, 0.1,
but u1 experiences a ﬂuctuation for K = 1 100. It is
because that the presence of a porous medium increases
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Fig. 1. Primary velocity proﬁle u1 for diﬀerent values of
E−1 with K = 0.1, M = 2, ω = 5, τ = 0.05, a = b = 1.
Fig. 2. Primary velocity proﬁle u1 for diﬀerent values of K
with of E−1 = 2, M = 2, ω = 5, τ = 0.05, a = b = 1.
the resistance to ﬂow and thus reduces the ﬂuid veloc-
ity. Moreover, for a particular value of K, an increase
in τ leads to a decrease in the primary velocity. As
M increases from 1 to 10, a considerable reduction in
the primary velocity occurs. As a matter of fact, the
presence of a transverse magnetic ﬁeld will result in a
resistant type of force known as Lorentz force which in-
Fig. 3. Primary velocity proﬁle u1 for diﬀerent values of M
with of E−1 = 2, K = 0.1, ω = 5, τ = 0.05, a = b = 1.
Fig. 4. Secondary velocity proﬁle v1 for diﬀerent values of
E−1 with K = 0.1, M = 2, ω = 5, τ = 0.05, a = b = 1.
Fig. 5. Secondary velocity proﬁle v1 for diﬀerent values of
K with E−1 = 2, M = 2, ω = 5, τ = 0.05, a = b = 1.
creases the resistance to the ﬂow, leading to decrease in
the ﬂuid velocity.
Figures 4–6 indicate the behavior of secondary ve-
locity v1 with variations in E
−1,K and M . We note
that the secondary velocity increases for E−1 = 1, 5, 10,
whereas it experiences a ﬂuctuation for E−1 = 25, 50.
It can also be seen that for large values of inverse Ekman
number there is an incipient ﬂow reversal near the mov-
ing plate and the secondary velocity becomes minimum
Fig. 6. Secondary velocity proﬁle v1 for diﬀerent values of
M with E−1 = 2, K = 0.1, ω = 5, τ = 0.05, a = b = 1.
042005-6 B. G. Prasad, and R. Kumar Theor. Appl. Mech. Lett. 1, 042005 (2011)
Fig. 7. Resultant velocity proﬁle R due to velocities u1 and
v1 for diﬀerent values of K with of E
−1 = 2, M = 2, ω = 5,
τ = 10, a = b = 1.
Fig. 8. Resultant velocity proﬁle R due to velocities u1
and v1 for diﬀerent values of M with of E
−1 = 2, K = 0.1,
ω = 5, τ = 10, a = b = 1.
in the upper half of the channel. Secondary velocity
increases with the increase in Darcy number K. Fur-
ther, the secondary velocity increases for small values
of Hartmann number, i.e. for M = 1, 2 and 3, while
for M = 5 and 10, v1 shows a deﬁnite retardation with
the increase in K. It is interesting to note that the
secondary velocity experiences a ﬂuctuation with the
Fig. 9. Phase angle θ due to velocities u1 and v1 for diﬀerent
values of K with E−1 = 2, M = 2, ω = 5, τ = 10, a = b = 1.
Fig. 10. Phase angle θ due to velocities u1 and v1 for dif-
ferent values of M with E−1 = 2, K = 0.1, ω = 5, τ = 10,
a = b = 1.
increase in M , although the primary velocity exhibits
a deﬁnite appreciable enhancement with the increase in
M .
The resultant velocity R and the phase angle θ due
to primary and secondary velocity proﬁles are illus-
trated pictorially against η for various values of Ekman
number E−1, Darcy number K and Hartmann number
M in Figs. 7–10. It is expected to see that an increase
in Darcy number K leads to a signiﬁcant growth in the
resultant velocity, while the phase angle θ experiences a
deﬁnite retardation with the increase in K. Further, an
increase in M marks a signiﬁcant retardation in the re-
sultant velocity R, although the phase angle θ exhibits
an appreciable enhancement with increment in Hart-
mann number. Despite these individual variations, it
is expected to observe that the resultant velocity grows
appreciably with the increase in E−1 and K, while it
exhibits a deﬁnite retardation with the increment in M .
In addition, as the major ﬁndings of the present
analysis we notice that the resultant velocity experi-
ences a deﬁnite enhancement with increase in either
Ekman number or Darcy number while it retards ap-
preciably with increasing Hartmann number.
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